This paper studies a single-period supply chain with a buy-back contract under a Stackelberg game model, in which the supplier (leader) decides on the wholesale price, and the retailer (follower) responds to determine the retail price and the order quantity. We analytically investigate the decentralized retailer's optimal decision. Our results demonstrate that the retailer has a unique optimal simultaneous decision on the retail price and the order quantity, under a mild restriction on the demand distribution. Moreover, as it can be shown that the decentralized supply chain facing price-sensitive random demand cannot be coordinated with buy-back contract, we propose a scheme for the system to achieve Pareto-improvement. Theoretical analysis suggests that there exists a unique Pareto-equilibrium for the supply chain. In particular, when the Pareto-equilibrium is reached, the supply chain is coordinated. Numerical experiments confirm our results.
Introduction
Buy-back contracts have become very prevalent in many industries; see [1] for some practical examples. With a buyback contract, a supplier compensates a retailer for unsold items at the end of selling season with a full or partial refund. Such contracts are usually used to mitigate the retailer's risk of overstocking, caused by uncertain demand. In his benchmark paper, Pasternack [2] suggests that in a singleperiod supply chain with an exogenously set retail price, channel coordination can be achieved under the buy-back contract where the supplier compensates the retailer with a partial refund for unsold items.
Many studies on supply chain contracts consider the retail price as an exogenous factor with a fixed value (see, e.g., [3] [4] [5] ). However, in reality the retail price often varies by market and is usually an important decision variable of the retailer. Over the years, there has been a growing interest in studying the contract models which are based on the framework of price-sensitive and random demand (see [6, 7] for a good review). Following this stream of research, in this paper we consider endogenous retail price in a single-period supply chain and study the decisions and performance of the supply chain with a buy-back contract. Buy-back contracts are commonly used in many industries such as fashion apparel, publishing, and cosmetics [8] , and the retailers in such industries need to decide the retail price before the selling season.
There have been many studies on supply chain contracts with price-sensitive demand. Among those, a group of researches focus on buy-back contracts. Particularly, the decision-making problems of each supply chain member in decentralized case, especially under Stackelberg framework, have generated a great deal of interest. Emmons and Gilbert [9] investigate the properties of each member's optimal decision in a single-period supply chain under a buy-back contract, by assuming that the demand has a linear and multiplicative form and follows uniform distribution. They suggest that there exists a domain of wholesale price where both the supplier and the retailer can earn more profits with a buy-back contract than with a wholesale price contract. A. H.-L. Lau and H.-S. Lau [10] extend the study of Emmons and Gilbert by considering an additive demand form. They employ numerical approach to study the effect of demand uncertainty on the performance of the channel and on [11] contribute to the literature by investigating the effect of price-sensitivity factors on the performance and the decisions of the supply chain. A common point in the above studies is that analytic solutions of the members' optimal decisions in a Stackelberg game are hard to find. For this reason, solutions in these studies are mainly based on numerical approaches. Arcelus et al. [12] introduce to the buy-back model the existence of a secondary market where the supplier can sell the leftover items at a price exceeding the salvage value. They investigate the optimal policy of each member in the supply chain with different demand forms and present closed-form solutions for the decentralized retailer's decision. However, their solutions are only for uniformly distributed demand.
In this paper, we investigate the decision making of each member of a single-period supply chain with a buy-back contract under a Stackelberg game, where the supplier, as the leader, determines the wholesale price to the retailer, while the retailer, as the follower, responds to decide the retail price and the number of units to purchase from the supplier. We consider the price-sensitive random demand in two forms: (1) the multiplicative form, which is characterized by an isoprice-elastic function multiplied by a random variable, and (2) the additive form, which is modeled as a linear function plus a random variable. The two forms of price-sensitive demand have been adopted in [13] [14] [15] . For each demand form, we investigate the decentralized retailer's simultaneous decision on the retail price and the order quantity. Our main contributions are twofold as follows.
(i) We demonstrate that under a mild restriction on the demand distribution, the decentralized retailer has a unique optimal joint decision. In particular, we provide analytic solutions of the decentralized retailer's optimal decision. In contrast to those solutions in previous works that are obtained either through numerical approaches or under the assumption that the demand is uniformly distributed [9] [10] [11] [12] , our solution is in a closed-form and only imposes a mild restriction on the demand distribution.
(ii) We provide a unique Pareto-equilibrium solution for the decentralized supply chain. Specifically, by comparing the integrated system's optimal decision and the decentralized retailer's optimal decision, we show that the buy-back contract cannot coordinate the system when the demand is price-sensitive and random, which indicates that the system profit is not maximized in the decentralized situation and, therefore, there may exist the space for making Pareto-improvement for the system. By employing Nash bargaining theory, we show that there exists a unique Pareto-equilibrium, for which no further Pareto-improvement can be made for the system. The Pareto-equilibrium solution allows both members in the supply chain to obtain better profits than in the decentralized case and thus is welcomed by the members. Furthermore, we show that when the unique Pareto-equilibrium is reached, the supply chain is coordinated.
The rest of the paper is organized as follows. Section 2 describes the model. Section 3 derives the decisions of the members with a multiplicative form demand. Section 4 studies the decisions with a linear and additive demand model. Section 5 proposes a Pareto-equilibrium scheme. Section 6 presents the numerical experiment and Section 7 concludes the whole paper.
The Model
Consider a single-period supply chain facing price-sensitive random demand with a buy-back contract under Stackelberg game. The supplier, as the leader, acquires the products at unit cost̂and delivers them to the retailer at unit wholesale pricê . The retailer, as the follower, then responds to decide the order quantity and the retail pricêto the consumers. The unsold items at the end of the selling season are bought back from the retailer at per unit cost which is predetermined before the selling season and is known to the whole channel. We clarify here that in the setting of this paper, the supplier does not actually buy back the unsold items but instead compensates the retailer with unit value . Consequently, the salvage value (V per unit) occurs in the retailer. To prevent the retailer from making profits out of buy-back transactions only, we assume that +V ≤̂. For simplicity, we also assume that the unsatisfied demand carries no penalty cost.
We consider the demand to be both random and pricesensitive, where the randomness of the demand is represented in either additive [16] or multiplicative [17] form. Let ( ) be a deterministic function characterizing the price dependency of the demand and let be a parameter representing the randomness in the demand. Then, the multiplicative and additive forms of demand are given as
respectively. We assume that is price-independent and has a cumulative distribution function (⋅) and a probability density function (⋅), where (⋅) is continuous, strictly increasing, and differentiable with inverse cumulative distribution function −1 (⋅), and (⋅) is also continuous and differentiable. Moreover, we assume to be nonnegative and supported on [ , ] , where 0 ≤ < .
+ ] = − ( ) denote the expected sales quantity and the expected leftovers, respectively. Then, the expected profits of the supplier and retailer are expressed as
respectively, and the integrated supply chain's expected profit becomes
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For notational simplicity, define ≡̂−V, ≡̂−V and ≡̂−V. Then the profit functions can be rewritten as
Hereafter in this paper, unless otherwise specifically stated, , , and will denote the wholesale price, the procurement cost, and the retail price, respectively.
Decisions of the Supply Chain with Iso-Price-Elastic and Multiplicative Demand Model
In this section, we study the decisions of the supply chain with random and price-sensitive demand. As in [6, 12, 13] , we consider the multiplicative demand form which is characterized by an iso-price-elastic function of a random variable, that is,
where is the price-elasticity index of demand, which measures how sensitive the demand is to the change of the retail price. The larger the value of , the more sensitive the demand is. We are particularly interested in > 1, which refers to the case of price-elastic products. From (7), the expected sales quantity ( ) can be rewritten as
where ≡ / ( ) is called the stocking factor of inventory [6] and Λ( ) = ∫ ( ) . By substituting (8) into (6), the integrated supply chain's profit function can be rewritten as
Thus, to maximize the integrated supply chain profit, the optimal retail price * and the optimal stocking factor * for the product must be decided simultaneously.
In [13] , it has been shown that the integrated supply chain has a unique optimal joint decision ( * , * ) satisfying
provided that the demand distribution satisfies
where ℎ( ) ≡ ( )/(1 − ( )) is the failure rate of the demand distribution, which gives "the percentage decrease in the probability of a stock out from increasing the stocking quantity by one unit" [18] . This mild restriction (11) can be satisfied under an increasing failure rate (IFR) condition, which actually captures many distributions such as uniform distribution, normal distribution, gamma distribution (when shape parameter is no less than one), Weibull distribution (when shape parameter is no less than one), and beta distribution (when shape parameter is no less than one).
Decisions of the Decentralized Supply Chain.
In the decentralized supply chain modeled as a Stackelberg game in this paper, the supplier and the retailer separately make their decisions to maximize their own profits. The supplier, as the leader, decides on the wholesale price of the product to the retailer, while the retailer, as the follower, responds to the supplier's offer to choose the retail price and order quantity.
Retailer's Decision.
We analyze the decision making of the supplier and the retailer in a backward sequence by first investigating the retailer's decision. To maximize her own profit, the retailer simultaneously decides the retail price and the order quantity for the product. Denote ( * , * ) as the optimal joint decision of the retailer. By substituting (8) into the retailer's profit function, we have
Thus, the problem of determining the optimal decision ( * , * ) of the retailer is equivalent to choosing the optimal decision ( * , * ).
Theorem 1. In the decentralized supply chain with a buy-back contract, the retailer has a unique optimal joint decision of the retail price and the order quantity satisfying
provided that ℎ ( ) ≥ 0.
Proof. Our proof is analogically following the proof approach of Theorem 1 in [13] . We first find the optimal retail price for any fixed ∈ [ , ]. The first partial derivative of (12) with respect to is given by
which is the unique maximizer of ( , ), since ( , )/ > 0 for all < * ( ) and ( , )/ < 0 for all 
which indicates that * ( ) is increasing in . In addition, we have
Thus, the optimal retail price * ( ) is indeed a feasible solution.
We next find the optimal stocking factor * that maximizes ( * ( ), ). By the chain rule, we have
where
Since the first factor in the third equation of (19) is always positive, the optimal stocking factor * is required to satisfy ( ) = 0, which gives us (14) . With the facts that ( ) = > 0, ( ) = −( − )( − 1)( − Λ( )) < 0, and ( ) is continuous, we know that * exists in the interval ( , ). Now, what remains to verify is the uniqueness of * . Observe that
, which implies that ( ) itself is a unimodal function. This, in conjunction with ( ) > 0 and ( ) < 0, guarantees the uniqueness of * in ( , ). We thus complete our proof.
Remark 2. Note that the condition ℎ ( ) ≥ 0, known as the increasing failure rate (IFR), imposes very mild restriction on the demand distribution, as it can be satisfied by many distributions (e.g., uniform, normal, exponential, and gamma with parameter restrictions).
Remark 3. The decentralized supply chain is said to be coordinated if the system reaches the maximum channel profit. By comparing the decision ( * , * ) of the decentralized retailer with the optimal decision ( * , * ) of the integrated system, we find that ( * , * ) = ( * , * ) holds only when = 0 and = . That is, the channel coordination is achieved only when = 0 and = . However, in this case, the supplier would have no incentive to carry any product, since his profit is zero. Therefore, we conclude that the decentralized supply chain with buy-back contract facing a multiplicative demand form cannot be coordinated.
Supplier's Decision.
The supplier is to decide the wholesale price with a fixed buy-back rate to maximize his own expected profit. By substituting (8) into (5), the supplier's expected profit function is given by
Noting that * and * are both functions of , we take the first derivative of ( ) to obtain
As it is difficult to analytically show the supplier's optimal decision on the wholesale price (even for the simple case of uniformly distributed demand), we employ numerical approach, which will be presented in Section 6.
Decisions of the Supply Chain with Linear and Additive Demand Model
In this section, we study the decision of each member in the supply chain with an additive demand form. In particular, the demand is characterized by a linear function plus a random variable:
where is the price elasticity representing the sensitivity of the demand to the retail price. With (24), the expected sales quantity ( ) can be written as
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Thus, the problem of finding the optimal retail price and the optimal order quantity that maximize the integrated system profit is equivalent to finding the optimal retail price and the optimal stocking factor. In [14] , it is shown that the integrated supply chain has a unique optimal joint decision ( * , * )
where ℎ( ) = ( )/(1 − ( )). Note that condition (28) can be implied by the IFR condition.
Decisions of the Decentralized Supply Chain.
As mentioned, each party of the decentralized supply chain independently makes his/her decision to maximize his/her own profit. We first investigate the retailer's decision and then the supplier's. 
Thus, the problem of determining the optimal decision ( * , * ) of the retailer is equivalent to choosing the optimal ( * , * ). Note that the optimal order quantity * = * + ( * ).
Theorem 4. With a buy-back contract, the decentralized retailer has a unique optimal joint decision of retail price and order quantity satisfying
provided that ℎ 2 ( ) + ℎ( )/ > 0.
Proof. First, for any fixed ∈ [ , ], we find the optimal retail price that maximizes ( , ). The first partial derivative of (29) with respect to is given by
Since 2 ( , )/ 2 = −2 < 0, the retailer's optimal retail price * ( ) is the unique root of ( , )/ = 0; that is,
Since * ( )/ = (1 − ( ))/(2 ) ≥ 0, * ( ) is increasing in . This, in conjunction with the fact that * ( ) > (Since the demand is always positive, we have ( , ) = − + > 0 and thus
. That is, the optimal retail price is always greater than the wholesale price, which validates the feasibility of the optimal retail price * ( ). We then find the optimal stocking factor * that maximizes ( * ( ), ). Notice that ( * ( ), ) is a function of only. By the chain rule, we have
Since ( * ( ), )/ | = = * ( ) − > 0 and ( * ( ), )/ | = = − + < 0 and also noting that ( 
Define ( ) = ( )/(1 − ( )) 2 and ( ) = 1−1/[2 (
Observe that
Because both * ( ) and ( ) are strictly increasing in , ( ) is also strictly increasing in . Now, if ( ) ≥ 0, then ( ) > 0 for all ∈ ( , ), which implies that 2 ( * ( ), )/ 2 < 0 for all ∈ ( , ). Thus, ( * ( ), ) is concave in and has a unique maximum value in ( , ). For the alternative case where ( ) < 0, since ( ) = 1, there exists 0 ∈ ( , ) such that ( 0 ) = 0, which implies that ( ) < 0 for < 0 and ( ) > 0 for > 0 . That is, ( * ( ), ) is convex for < 0 and concave for > 0 . This, together with the facts that ( * ( ), )/ | = > 0 and ( * ( ), )/ | = < 0, leads to the result that ( * ( ), ) is unimodal with a maximum value in the interval ( , ).
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By combining the above two cases, we know that there exists a unique * ∈ ( , ) that maximizes ( * ( ), ), given by (31).
Remark 5. The condition ℎ 2 ( ) + ℎ( )/ > 0 can be implied by IFR condition.
Remark 6. By comparing the decentralized retailer's optimal decision with the integrated system optimal strategy, we find that the channel coordination can be reached only when = 0 and = . However, this case may not be possible in practice since it implies that the suppliers have no profit. Therefore, we conclude that the buy-back contract does not coordinate the supply chain with additive demand form.
Supplier's Decision.
The supplier decides on the wholesale price to maximize his own profit. His profit function is
Similar to the case of multiplicative demand form, it is difficult to give a closed-form solution of the supplier's optimal wholesale price for the case with additive demand form. Such a difficulty has been pointed out by some researchers. As an alternative, numerical method has been employed to analyze the supplier's decision. Readers are referred to [11, 12] for details.
Pareto-Equilibrium of the Supply Chain
Thus far, we have shown that when the demand is both random and price-dependent, the profit of the decentralized supply chain with buy-back contract is always lower than the optimal profit of the integrated system. Thus there may exist chances for the supply chain to make Pareto-improvement; that is, both the supplier and retailer are no worse off and at least one of them is better off. Let * and * denote the optimal profit of the supplier and the retailer in the decentralized supply chain, respectively. Let and be Pareto-improved profit of the supplier and the retailer, respectively. Let Π * = * + * and Π = + be the optimal channel profit in decentralized case and the Pareto-improved channel profit, respectively. Let Π * be the integrated system optimal profit. From the definition of Pareto-improvement, we have ≥ * and ≥ * . In addition, we have Π * < Π ≤ Π * . Define the decision set of Pareto-improvement as
Then, from the bargaining model introduced by Nash [20] , an optimal bargaining payment scheme can be obtained by solving the following problem:
The solution of the above problem is the Pareto-equilibrium solution, denoted as ( * , * , * ). Let * and * be the profit of the supplier and the retailer obtained in Pareto-equilibrium condition, respectively. Then, we have the following theorem.
Theorem 7. The supply chain has a unique Pareto-equilibrium with
The retail price, the stocking factor, and the wholesale price in Pareto-equilibrium status are given as * = * , * = * , * = * *
respectively. Moreover, the channel coordination is obtained when the Pareto-equilibrium is reached.
Proof. Note that Π is the channel profit with Paretoimprovement. Then problem (P) can be reformulated as
Since the objective function of (P) can be rewritten as
, has a unique optimal solution with = (Π + * − * )/2, regardless of the decision set. It is easy to see that the supplier's Paretoimproved profit is increasing in Π , since * and * are both constants. In conjunction with the fact that Π is bounded above by the integrated system optimal profit Π * , we find that the optimal value of is obtained when Π achieves its optimal value Π * . Similarly, the optimal value of can be found as
we can come to a conclusion from problem (P) that there are a unique * and * . Moreover, the supply chain is coordinated when the Pareto-equilibrium is obtained. Since the integrated system optimal profit Π * can only be obtained when the retail price = * and the stocking factor = * , we have * = * and * = * . Therefore, the only variable left to be determined in problem (P) is * . With the supplier's optimal profit value in Pareto-equilibrium status (i.e., * = (Π * + * − * )/2) and the supplier's profit function (i.e., ( , ) = ( − − ) + ( )), we have that the optimal wholesale price in Pareto-equilibrium status is also unique and * = * / * + (1 − ( * )/ * ) + , where * = * = ( * ) * for the demand with a multiplicative form and * = * = ( * ) + * for the demand with an additive form.
Remark 8. The expression of the wholesale price * is consistent with our intuition, since the first factor * / * is the average net profit from each item purchased by the retailer, the second factor (1 − ( * )/ * ) describes the average buyback price that the supplier transfers to the retailer, and the last factor is the unit procurement cost.
Remark 9.
Since both the supplier and the retailer are better off in the Pareto-equilibrium status, the Pareto-equilibrium solution is welcomed by both of the members who are risk neutral and profit-seeking.
Numerical Experiment
In this section, we present the results of numerical experiments to investigate the implications of the buy-back contract. Our main goals are (1) to show the optimal decision of each member in decentralized supply chain, (2) to show the Pareto-equilibrium result, and (3) to do sensitivity analysis by measuring the impacts of the price elasticity and the buy-back price on each decentralized party's decision and on the efficiency of the decentralized supply chain. Our experiments are performed with the multiplicative demand model. The experimental results of the additive demand form are presented in [11, 12] . In our experiment, the values of the problem parameters are arbitrarily chosen solely for illustrative purpose: the unit procurement cost = 4; the random variable follows a uniform distribution over [0, 100]; = 200 and the price elasticity = 1.5, 2, 2.5, 3; the buy-back parameter = 0, 1, 2, 3. Since the price elasticity and the buy-back price have different values, there are 16 scenarios formed by all combinations of the parameters. For each scenario, we calculate the integrated system optimal solutions, the optimal solutions of each member in the decentralized supply chain under Stackelberg game, and the Pareto-equilibrium solutions. All the results are displayed in Table 1 . The results are obtained by using Maple program version 14.00 on a 3.0 GHz E8400 Windows 7 machine with 4 GB RAM.
Analysis of the results in Table 1 provides several interesting observations. First, by comparing the decision of the decentralized channel and that of the integrated system, we observe that the decentralized retailer always sets a higher retail price and orders fewer products; that is, * > * and * < * in each row. We also observe that the decentralized channel profit Π * is always lower than the system optimal profit Π * . This confirms that the decentralized supply chain facing price-sensitive demand cannot be coordinated by buyback contract. Moreover, by comparing the performance of the decentralized system with that of the unique Paretoequilibrium, we find that both the supplier and the retailer are better off under the Pareto-equilibrium status; that is, * > * and * > * in each row. We also find that the whole channel is coordinated when the Pareto-equilibrium is reached. In the Pareto-equilibrium status, the wholesale price is always lower than that of the decentralized case; that is, * < * in each row.
Sensitivity analysis is conducted to study the effects of price elasticity and buy-back price on the optimal decisions of supply chain members and on the performance of the system. We first examine the impact of the price elasticity on the optimal solutions under each case. With a certain buy-back price , by observing the values in the columns under decentralized system case, we find in our limited computational experiments that the wholesale price * , the retail price * , the order quantity * , the retailer's profit * , and the supplier's profit * all decrease as the price-elasticity increases. Figures 1 and 2 show these phenomena under the scenario where = 2. The same behavior can be observed in the integrated and the Pareto-equilibrium cases. These findings indicate that high price-elastic product reduces the channel performance.
We then examine the impact of buy-back price by fixing the price elasticity. We observe in this particular example that the optimal wholesale price * , which is decided by the decentralized supplier, increases with the buy-back price and that the retail price * and the order quantity * , decided by the decentralized retailer, increases and decreases, respectively, in the buy-back price . Figure 3 shows the impact of buy-back price on the wholesale price * , the retail price * , and the order quantity * under the scenario where = 2. We also observe that the optimal profits of both the supplier and the retailer in the decentralized channel both decrease with the buy-back price . Figure 4 shows these phenomena under the scenario where = 2. We are rather surprised to find in this numerical example that the buy-back contract yields worse result than the wholesale price contract does. This result may only be applicable to this particular example. But it also tells that in some situations both the supplier and the retailer will choose not to adopt the buy-back contract compared with the wholesale price contract.
Finally, we examine the efficiency of the decentralized system which is represented by Π * /Π * . Since the decentralized supply chain facing price-dependent and random demand with buy-back contract cannot be coordinated, the efficiency is always lower than 1. The numerical results in Table 1 show that the efficiency drops when the price elasticity increases with a fixed buy-back price. It also decreases when the buy-back price increases with a fixed price elasticity. This implies that the price elasticity and the buy-back price have significant impacts on the efficiency. We also analyze the profit share of the supplier in the decentralized case which is characterized by * /Π * . In addition to the finding that the supplier can obtain more first-mover advantage when the buy-back price increases, the numerical results also show that the supplier's profit share in the decentralized system rises when the price elasticity becomes larger.
Conclusion
In this paper, we studied a single-period supply chain with a buy-back contract under a Stackelberg game model. We considered two different forms of demand: (1) the iso-priceelastic and multiplicative form and (2) the linear and additive form. For each demand form, we analytically showed that under a very mild restriction on the demand distribution, the decentralized retailer has a unique optimal joint decision on the retail price and the order quantity. This amends the existing results which are obtained either from numerical analyses or under the assumption that the demand follows uniform distribution. Moreover, by comparing the decentralized retailer's optimal decision with the integrated system's optimal decision, we showed that the decentralized supply chain facing price-sensitive and random demand cannot be coordinated with the buy-back contract. As such, we analyzed the Pareto-improvement of the system. By employing a bargaining model, we showed that there exists a unique Pareto-equilibrium for the supply chain system. In particular, in the Pareto-equilibrium status, the supply chain is coordinated and the profit split scheme is unique, which highlight the managerial insight that a firm can be better off when coordinating with its counter partner. Although in this paper we are primarily interested in the performance of the single-period supply chain with a single supplier and a single retailer, our results could be extended to the more general scenario where a supply chain has multiple periods and multiple members. Another possible extension of this study is to investigate "power relationship" and profit allocation in a supply chain with respect to Paretoequilibrium.
